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MINORS OF NON-COMMUTATIVE SCHEMES 


IGOR BURBAN, YURIY DROZD, AND VOLODYMYR GAVRAN 


Abstract. In this article, we develop the theory of minors of non- 
commutative schemes. This study is motivated by applications in the 
theory of non-commutative resolutions of singularities of commutative 
schemes. 
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1. Introduction 

Let R be a ring and P be a finitely generated projective left P-module. 
We call the ring A = Ap = (EndBP)°^ a minor of B. It turns out that the 
module categories of B and A are closely related. 

(1) The functors F = P _ and H = Homyi(P^,_) from A-Mod to 
P-Mod are fully faithful, where P^ = Hom^(P, P). In other words, 
A-Mod can be realized in two different ways as a full subcategory of 
P-Mod, see Theorem ]4.3] 

(2) The functor G = Homs(P,-) : P-Mod — )• A-Mod is exact and 
essentially surjective. Moreover, we have adjoint pairs (F,G) and 
(G, FI). In other words, G is a bilocalization functor. If 

I = Ip= Im(P P^ —^ P) 
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and B = B/I then the category i?-Mod is the kernel of G and ^-Mod 
is equivalent to the Serre quotient of i?-Mod modulo S-Mod, see 
Theorem 14.51 

(3) Under certain additional assumptions one can show that the global 
dimension of B is finite provided the global dimensions of A and B 
are finite, see Lemma |4.9[ 

The described picture becomes even better when we pass to the (unbounded) 
derived categories ^(^-Mod), ^(i?-Mod) and ^(.B-Mod) of the rings A,B 
and B introduced above. Let DG be the derived functor of G, LF be the left 
derived functor of F and RFI be the right derived functor of FI. 

(1) Then we have adjoint pairs (LF, DG) and (DG, RH), the functors LF 
and RFI are fully faithful and the category ^(^d-Mod) is equivalent 
to the Verdier localization of ^(B-Mod) modulo its triangulated 
subcategory % (B-Mod) consisting of complexes with cohomologies 
from B-Mod, see Theorem |4.6[ 

(2) Moreover, we have a semi-orthogonal decomposition 

^(B-Mod) = (%(B-Mod), ^(kl-Mod)), 
see Theorem 12.51 

One motivation to deal with minors comes from the theory of non-commuta- 
tive crepant resolutions. Let ^ be a commutative normal Gorenstein domain 
and B be a reflexive j4-module such that the ring 

B = Bf := EndA(^ © B)°P = ( /v ^ ) 

is maximal Cohen-Macaulay over A and of finite global dimension (here E = 
(End/iB)°^). Van den Bergh suggested to view B as a non-commutative 
crepant resolution of A showing that under some additional assumptions, 
the existence of a non-commutative crepant resolution implies the existence 
of a commutative one [33] . If we take the idempotent e = (g [j) G B and 
pose P = Be then it is easy to see that A = Bp. Thus, dealing with non- 
commutative (crepant) resolutions of singularities, we naturally come into 
the framework of the theory of minors. 

In [15] it was observed that there is a close relation between coherent 
sheaves over the nodal cubic C = V{zy^—z) C and representations 
of the finite dimensional algebra A given by the quiver with relations 




(5iai = j32a2 = 0 . 


An explanation of this fact was given in [8] . Let X be the ideal sheaf of the 
singular point of C and A = £ndc{0®X). Consider the ringed space (C, ^) 
and the category ^-mod of coherent left ^-modules on C. The the derived 
category ^^(^-mod) has a tilting complex, whose (opposite) endomorphism 
algebra is isomorphic to A what implies that the categories ^^(.A-mod) and 
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^^(A-mod) are equivalent. On the other hand, the triangulated category 
Perf(C') of perfect complexes on C is equivalent to a full subcategory of 
In fact, we deal here with a sheaf-theoretic version of the 
construction of minors: the commutative scheme {C, O) is a minor of the 
non-commutative scheme (C, Al). The goal of this article is to establish a 
general framework for the theory of minors of non-commutative schemes. 

In Section we review some key results on localizations of abelian and 
triangulated categories used in this article. In Section we discuss the 
theory of non-commutative schemes, elaborating in particular a proof of the 
result characterizing the triangulated category Perf (Al) of perfect complexes 
over a non-commutative scheme {X,A) as the category of compact objects of 
the unbounded derived category of quasi-coherent sheaves ^{A) (Theorem 


commutative scheme {X, B) and the study of relations between {X, A) and 
{X,B). In Section we elaborate the theory of strongly Gorenstein non- 
commutative schemes and the final Section deals with various properties 
of non-commutative curves. 

2. Bilocalizations 

Recall that a full subcategory ^ of an abelian category ^ is said to be 
thick (or Serre subcategory) if, for any exact sequence 0 —)> C' —)> C —>■ C" —)> 
0, the object C belongs to ^ if and only if both C and C" belong to 
Then the quotient category is defined and we denote by II-^ the natural 
functor ^ xA. It is exact, essentially surjective and Kerll-^ = ^. For 
instance, if G : j?/ —is an exact functor among abelian categories, its 
kernel Ker G is a thick subcategory of and G factors as G ° Ilxer G) where 
G ; j://KerF ^ B. 

Analogously, if ^ is a full subcategory of a triangulated category iz/, it 
is said to be thick if it is triangulated (i.e. closed under shifts and cones) 
and closed under direct summands. Then the quotient triangulated cate¬ 
gory I'io IS, defined and we denote by II.^ the natural functor si si . 
It is exact (triangulated), essentially surjective and Kerll-^ = For in¬ 
stance, \iQi ■. si —is an exact (triangulated) functor among triangulated 
categories, its kernel Ker G is a thick subcategory of si and G factors as 
G ° IlKerG; where Q : si j Ker G —B. 

If F : si is a functor, we denote by Im F its essential image, i.e. 

the full subcategory of ^ consisting of objects B such that there is an 
isomorphism B ~ FA for some A G We usually use this term when F is 
a full embedding (i.e. is fully faithful), so ImF ~ si. 

We use the following well-known facts related to these notions. 

Theorem 2.1. (1) Let si,A^ be abelian categories, G : si ^ be an 

exact functor and F : ^ si be its left adjoint {right adjoint) such 

that the natural morphism —)• G°F {respectively, G°F —>■ 1^) is 

an isomorphism. Let ^ = Ker G. 
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(a) G = G ° where G is an equivalence —)• ^ and its quasi¬ 
inverse functor is f = ° F. 

(b) F is a full embedding and its essential image Im F coincides with 
the left {respectively, right) orthogonal subcategory of^, i.e. the 
full subcategory 

= {AeOh£/ \ Hom(A, C) = Ext^^, C) = 0 for all C G Ob-T } 
{respectively, 

= {AeOh£/ \ Rom{C,A) = Ext\C,A) = 0 for all C E Ob^} .) 

(c) = {~^‘^)~^ {respectively, ^ ). 

(d) The embedding functor ^ ^ has a left {respectively, right) 

adjoint. 

(2) Let be triangulated categories, G : £/ ^ be an exact {tri¬ 

angulated) functor and V ■. SS ^ si be its left adjoint {right ad¬ 
joint) such that the natural morphism —)• G°F {respectively, 

G ° F —)• 1^) is an isomorphism. Let ^ = Ker G. 

(a) G = G ° n<^, where G is an equivalence si —>■ SS and its quasi¬ 
inverse functor is F = ° F. 

(b) F is a full embedding and its essential image ImF coincides with 
the left {respectively, right) orthogonal subcategory of^, i.e. the 
full subcategor'^ 

^^ = {Ae Ob^ I Hom(A,C) = 0 for all C E Ob^} 
{respectively, 

= { ^ E Ob si I Hom(C, A) = 0 for all C E Ob ^ } .) 

(c) = {~^^)~^ {respectively, ^ = ^{'io ^)). 

(d) The embedding functor ^ si has a left {respectively, right) 
adjoint, which induces an equivalence si ^ {respectively, 
sij^^ ^^). 

Proof. The statement (la) is proved in |16( Ch. Ill, Proposition 5] if F is 
right adjoint of G. The case of left adjoint is just a dualization. The proof 
of the statement (2a) is quite analogous. Therefore, from now on we can 
suppose that ^ = si Then the statements (lb) and (2b) are just [TFl 
Ch. Ill, Lemma 2 et Corollaire] and j29l Theorem 9.1.16]. The statements 
(Ic) and (2c) are jTHl Corollary 2.3] and [23 Corollary 9.1.14]. Thus the 
statement (2d) also follows from [291 Theorem 9.1.16]. In the abelian case 
the left (respectively, right) adjoint J to the embedding ^ si rs, given 
by the rule A i—)■ Cok'I'(^) (respectively, A i—)• KerT(^)), where T is the 
natural morphism F°G —)• (respectively, —)• F°G). □ 

^ Note that in the book the notations for the orthogonal subcategories are opposite 
to ours. The latter seems more usual, especially in the representation theory, see, for 
instance, O [TSj. In [Ifij the objects of the right orthogonal subcategory are called 
'^-closed. 
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Remark. Note that in the abelian case the composition ° J (respectively, 
n<^± ° J) need not be an equivalence. The reason is that the subcategory 
need not be thick (see [T8]). 

A thick subcategory ^ of an abelian or triangulated category £/ is said 
to be localizing {colocalizing) if the canonical functor G : j?/ —)> has 

a right (respectively, left) adjoint F. Neeman [22 calls F a Bousfield lo¬ 
calization (respectively, a Bousfield colocalization))^ In this case the natural 
morphism G ° F —)• (respectively, —)■ G ° F) is an isomorphism [THl 

Ch.Ill,Proposition 3], [291 Lemma 9.1.7]. If ^ is both localizing and colo- 
calizing, we call it bilocalizing and call the category /'!#’ (or any equivalent 
one) a bilocalization of . We also say in this case that G is a bilocalization 
functor. In other words, an exact functor G : £/ ^ is a bilocalization 

functor if it has both left adjoint F and right adjoint FI and the natural 
morphisms GF and GH —)> are isomorphisms. 

Corollary 2.2. Let G : £/ be an exact functor between abelian or 

triangulated categories which has both left adjoint F and right adjoint H. In 
order that G will be a bilocalization functor it is necessary and sufficient that 
one of the natural morphisms —>■ GF or GH —>-1^ be an isomorphism. 

Proof. Let, for instance, the first of these morphisms be an isomorphism. 
Then there is an equivalence of categories G ■. / Ker G —)• B such that 

G = Gli^, where = KerG. So we can suppose that = si and 
G = n<^. Thus the morphism GH is an isomorphism, since H is right 

adjoint to G. □ 

Corollary 2.3. Let ^ be a localizing {colocalizing) thick subcategory of an 
abelian category si, Qi^{si) be the full subcategory of H{si) consisting of 
all complexes C‘ such that all cohomologies H^{C‘) are in Ip . Suppose that 
the Bousfield localization {respectively, colocalization) functor F has right 
{respectively, left) derived functor. Then &^{si) is also a localizing {colo¬ 
calizing) subcategory of si and S>{si) j S!cg{si) ~ 3l{si j'^). 

Proof. We consider the case of a localizing subcategory If, denote by G 
the canonical functor si ^ si and by F its right adjoint. As G is ex¬ 
act, it induces an exact functor H{si) —>• 3i{si /'^) acting on complexes 
componentwise. We denote it by DG; it is both right and left derived of 
G. Obviously, Ker DG = &<^{si). Since G ° F —)■ is an isomorphism, 

the morphism DG ° RF —)■ is also an isomorphism, so we can apply 

Theoreir |2.1| (2). □ 

Remark 2.4. (1) If ^ is localizing and si is a Grothendieck category, 

the right derived functor RF exists [2], so Sl{sij^) ~ &^{si). We 
do not know general conditions which ensure the existence of the left 
derived functor LF in the case of colocalizing categories, though it 

^ Actually, Neeman uses this term for triangulated categories, but we will use it for 
abelian categories too. 
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exists when ^ is a category of quasi-coherent modules over a quasi¬ 
compact separated non-commutative scheme and F is tensor product 
or inverse image, see Proposition |3.12] 

(2) Miyatchi [27] proved that always ~ where a G 

{ +) 

We recall that a sequence (^i, ^2, • ■ •, -^m) of triangulated subcategories 
of a triangulated category . 2 / is said to be a semi-orthogonal decomposition 
of if A') = 0 for ^ G A' G £/j and i > j, and for every object 

A € £i/ there is a chain of morphisms 

0 = Am Am-l . . .A2 Ai ^ Aq = A 

such that Cone fi £ |2l] . 

Theorem 2.5. Let G : £/ ^ be an exact functor among triangulated 

categories, F : ^ ^ be its right (left) adjoint such that the natural mor¬ 
phism (/) ; —)• GF (respectively, ijj : GF —)■ 1^) is an isomorphism. Then 
(ImFjKerG) (respectively, (KerG,ImF)) is a semi-orthogonal decomposi¬ 
tion of 

Proof. We consider the case of left adjoint. If ^ = FB and W G KerG, 
then j 2 /(A,A') ~ i^(GA,B) = 0. On the other hand, consider the natural 
morphism / : FGA —)• A. Then Gf is an isomorhism, whence Cone/ G 
KerG. So we can set Ai = FG^, /i = /. □ 

3. Non-commutative schemes 

Definition 3.1. (1) A non-commutative scheme is a pair (X,A), where 

A is a scheme (called the commutative background of the non-com¬ 
mutative scheme) and .4 is a sheaf of Ojf-algebras, which is quasi- 
coherent as a sheaf of Ox-modules. Sometimes we say “non-com¬ 
mutative scheme 4.” not mentioning its commutative background X. 
We denote by Ad the set of closed points of A. 

(2) A non-commutative scheme (A, 4.) is said to be affine (separated, 
quasi-compact) if so is its commutative background A. It is said to 
be reduced if A has no nilpotent ideals. 

(3) A morphism of non-commutative schemes / : (Y, B) —?■ (A, 4.) is a 

pair (fx, f^), where /x : K —)• A is a morphism of schemes and f^ 
is a morphism of Ox-algebras ff^^A^B. In what follows we 

usually write / instead of fx ■ 

(4) Given a non-commutative scheme (A, ^), we denote by .A-Mod (re¬ 
spectively, by 4,-mod) the category of quasi-coherent (respectively, 
coherent) sheaves of 4-modules. We call objects of this category 
just 4-modules (respectively, coherent 4-modules). 

(5) If / : (y,B) —7- (A, 4) is a morphism of non-commutative schemes, 

we denote by f* : 4- Mod —)■ .B-Mod the functor of inverse image 
which maps an 4-module Ai to the B-module ^Ai. If the 
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map fx is separated and quasi-compact, we denote by /* : ;B-Mod — 
^-Mod the functor of direct image. It follows from m § 0.1 and 
§ 1.9.2] that these functors are well-defined. Moreover, f* maps co¬ 
herent modules to coherent ones. 

In this paper we always suppose non-commutative schemes separated and 
quasi-compact. 

Remark 3.2. (1) If (X, is affine, i.e. X = Speci? for some com¬ 

mutative ring R, then A = is a sheafification of an i?-algebra 
A. A quasi-coherent ^-module is just a sheafification of an A- 
module M, so ^-Mod ~ A-Mod and we identify these categories. If, 
moreover, A is noetherian, then A-mod coincides with the category 
A-mod of finitely generated A-modules. 

(2) If X is separated and quasi-compact, A-Mod is a Grothendieck cate¬ 
gory. In particular, every quasi-coherent A-module has an injective 
envelope. We denote by A-lnj the full subcategory of A-Mod con¬ 
sisting of injective modules. 

(3) The inverse image functor f* for a morphism of non-commutative 
schemes usually does not coincide with the inverse image functor 
with respect to the morphism of their commutative backgrounds. 
We can guarantee it if 13 = ft A, for instance, if Y is an open subset 
of A andi3 = A|y. 

Definition 3.3. (1) The center of A is the subsheaf cenA Y A such 

that (cen A)(17) = { a G A{U) \ a\V G cen A(y) for all F C [7 }, where 
cen A denotes the center of a ring A. 

(2) We say that a non-commutative scheme (A, A) is central, if the nat¬ 
ural homomorphism Ox A maps Ox bijectively onto the center 
cen(A) of A. 

Note that if (A, A) is affine, A = Speci? and A = A~, then cen A = 
(cen A)~. 

Proposition 3.4. Endl_ 4 -Mod — Endl_ 4 -inj — r(A, cenA). 

Proof. Let a G r(A, cenA). Given any A4 G A-Mod, define a{Ai) : M. —)■ 

M. by the rule: a{M){U) : M.{U) —^ M.{U) is the multiplication by a\U for 
every open 17 C A. Obviously, it is a morphism of A-modules. Moreover, 
if / G Hom_ 4 (AI, Af), one easily sees that fa{M) = a{N)f, so a defines an 
element from Endl_4-Mod- 

Conversely, let A G End l_4-Mod- Let U C A be an open subset, j : 

17 —7> A be the embedding. Then X{U) = A(Aj*A) is an element from 
End^(Aj*A) = A{U). Evidently, it is in cenA(17). Moreover, if E C 
U is another open subset, y : E —)• A is the embedding, the restriction 
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homomorphism r : j*j*A —)• A gives the commutative diagram 


AfA^^AfA 


7 ■/* A •/ ■/* A 

JJ A - A 


It implies that A(y) = X{U)\V. In particular, \{X) = a is an element from 
r(X,cen^) and X{U) coincides with the multiplication by a\U. Thus we 
obtain an isomorphism End l_4-Mod — r(X, cen^). 

There is the restriction map Endlyi-Mod Endl_ 4 -inj. On the other 
hand, consider an injective copresentation of an ^-module Ai, i.e. an exact 
sequence 0 —)■ Ad Im —)• 2^ with injective modules Im and 2^. Let 
A G Endlyi-inj. Then there is a unique homomorphism A(Ad) : AI —?■ Ad 
such that X(lM)ciM = Let 0 —)• AA —)• X'j^ be an injective 

copresentation of another Al-module M and / G Hom_ 4 (Ad, AA). Extending 
/ to injective copresentations, we obtain a commutative diagram 


Ad- ^Xm 


h 


■M^^Xm 


- X' 
-‘-M 


h 




It implies that 


aj^X{N)f = X{Xj^)aj^f = X{Xf^)foaM = 

= foK^M)oiM = /oaAdA(Ad) = aj\ffX{M), 
whence X{M)f = /A(Ad), so we have extended A to a unique endomorphism 

Ofl^-Mod- □ 

Proposition 3.5. Let C = cen(Al), X' = SpecC he the spectrum of the 
{commutative) Ox-algebra C, cj) : X' ^ X be the structural morphism, and 
A' = (f-^A. 

(1) A! is an Ox'-algebra, so {X',A') is a central non-commutative scheme. 

(2) For any T G Al-Mod the natural map T —)> is an isomor- 

(3) For any T' G Al'-Mod the natural map (l)*4>*X' —)• X' is an isomor¬ 
phism. 

(4) The functors f* and establish an equivalence of the categories 
Al-Mod and Al-Mod^ as well as o/Al-mod and AlTmod. 

Thus, when necessary, we can suppose, without loss of generality, that our 
non-commutative schemes are central. 



^ Note that in this situation (/>* = tp ^ 

















Proof. All claims are obviously local, so we can suppose that X = Speci? 
and X' = Spec/?', where R' is the center of the i?-algebra A = r(A,^). 
Then all claims are trivial. □ 

We call a non-commutative scheme {X, A) noetherian if the scheme X is 
noetherian and A is coherent as a sheaf of Ox-modules. Note that if {X, A) 
is noetherian, the central non-commutative scheme {X\A!) constructed in 
Proposition |3.5| is also noetherian. In particular, if an affine non-commuta¬ 
tive scheme (Speci?, A~) is noetherian, then A is a noetherian algebra, i.e. 
C = cen A is noetherian and A is a finitely generated (P-module. 

Definition 3.6. Let {X,A) be noetherian. 

(1) We denote by Ip A the full subcategory of A-mod consisting of locally 
projective modules V, i.e. such that Vx is a projective A^-module 
for every x £ X. 

(2) We say that A has enough locally projective modules if for every 
coherent A-module Ai there is an epimorphism P —)• Af, where 
V G Ip A. Since every quasi-coherent module is a sum of its coherent 
submodules, then for every quasi-coherent A-module Ai there is an 
epmorphism V ^ Ai, where P is a coproduct of modules from Ip A. 

An important example arises as follows. We say that a noetherian non- 
commutative scheme (A, A) is quasi-projective if there is an ample Ox- 
module £ [201 Section 4.5]. Note that in this case X is indeed a quasi- 
projective scheme over the ring R = 0^Qr(A,£®"’). 

Proposition 3.7. Every quasi-projective non-commutative scheme (A, A) 
has enough locally projective modules. 

Proof. Let £ be an ample Ox-module, Ai be any coherent A-module. There 
is an epimorphism of Ox-modules nOx —>■ Ai ®Ox C®'^ for some m, hence 
also an epimorphism F = —>■ M.. Since Hom_ 4 (A ®Ox A, AI) ~ 

Homo^ (A, Af), it gives an epimorphism of A-modules A®Ox A —)• Af, 
where A (8)c>x A G Ip A. □ 

We define an invertible A-module as an A-module X such that End^ X ~ 
A°P and the natural map Plx)m_A{X,A) ®j^X —)• (End^X)°P ~ A is an iso¬ 
morphism. Eor instance, the modules constructed in the preceding proof are 
invertible. On the contrary, one easily proves that, if A is noetherian and 
cen A = Ox, any invertible A-module X is isomorphic to A®Ox where 
£ = Aomyi-yi(X,£) and £ is an invertible Ox-module. (We will not use this 
fact.) 

We denote by ^A the category of complexes of A- modules, by JEA the 
category of complexes modulo homotopy and by SlA the derived category 
^(A-Mod). We also use the conventional notations A A and A, 
where a G ,6}. We denote by Qi^A the full subcategory of compact 

objects C* from &A, i.e. such that the natural morphism 

U- Hom^^(C*, A*) ^ Hom^^(£*, U^A*) 

9 


is bijective for any coproduct u i • 

Recall that a complex X* is said to be K-injective [33] if for every acyclic 
complex C* the complex Hom*(C*,X*) is acyclic too. We denote by K-inj^ 
the full subcategory of A consisting of K-injective complexes and by 
K-injQ^ its full subcategory consisting of acyclic K-injective complexes. 

Proposition 3.8. Let {X, he a non-eommutative seheme {separated and 
quasi-eompact). 

(1) For every complex C' in^A there is a K-injective resolution, i.e. 
a K-injective complex I’ € ^A together with a quasi-isomorphism 

C* ^X*. 

(2) ~ K-inj^/K-injQ^. 

Proof. As the category A-Mod is a Grothendieck category, (1) follows im¬ 
mediately from |2l Theorem 5.4] (see also |33[ Lemma 3.7 and Proposition 
3.13]). Then (2) follows from |33l Proposition 1.5]. □ 

A complex X"* is said to be K-flat |3^ if for every acyclic complex S‘ of 
right A-modules the complex X* S' is acyclic. The next result is quite 
analogous to [U Proposition 1.1] and the proof just repeats that of the cited 
paper with no changes. 

Proposition 3.9. Let{X,A) be a non-commutative scheme. Then for every 
complex C' in A there is a K-flat replica, i.e. a K-flat complex X* quasi¬ 
isomorphic to C'. 

Remark 3.10. If {X, A) is noetherian and has enough locally projective mod¬ 
ules, every complex from A has a locally projective (hence flat) resolu¬ 
tion. Then |33l Theorem 3.4] implies that for every complex C from A 
there is an Lp-resolution, i.e. a K-flat complex X* consisting of locally pro¬ 
jective modules together with a quasi-isomorphism X* —?■ C*. For instance, 
it is the case if {X,A) is quasi-projective (Proposition |3.7[ ) . 

A complex X* is said to be weakly K-injective if for every acyclic K-flat 
complex X* the complex Hom*(X*,X*) is exact. 

Proposition 3.11 (|33l Propositions 5.4 and 5.15]). Let f : {X, A) —)■ {Y, B) 
he a morphism of non-eommutative scheme. 

(1) If F’ G '^B is K-flat, then so is also f*T'. If, moreover, X* is 
K-flat and acyclic, then f*F‘ is acyclic too. 

(2) //X G A is weakly K-injective, then /*X is weakly K-injective. If, 
moreover, X is weakly K-injective and acyclic, then f^Z is acyclic 
too. 

Proposition 3.12 (cf. |33l Section 6]). Let {X,A) he a non-commutative 
scheme. 

(1) The derived functors RB.oin.‘j^^{F‘,Q‘) andR'Hom‘j^{F',G') exist and 
can be calculated using a K-injective resolution of Q' or a weakly 
K-injective resolution of Q' and a K-flat replica of F'. 
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(2) The derived functor iF’ ( 8)_4 , where Q' G exists and can 

be calculated using a K-flat replica either of F or of G. Moreover, 
if G°P is a complex of A-B-bimodules, where B is another sheaf of 
Ox-algebras, there are isomorphisms of functors 

RHomg(J'* ( 8)_4 Q',M') ~ , M‘)) 

KHomBiF' G\M') ~ KHomAiF, KHomBiQ',M')). 

(3) For every morphism f : {X, A) —)• {Y, B) the derived functors Lf* : 
S’B —)■ Si A and R/* : SA —)■ SB exist. They can be calculated using, 
respectively, K-flat replicas in'ioB and weakly K-injective resolutions 
in A. Moreover, there are isomorphisms of functors 

RHom^(^*,R/*g*) ~ RHom^(Lr^*,g*) 

RHom-isiF-,Rflg-) ~ R/* R^om^(Lr^*, C?*). 

(4) If g : {Y,B) —>■ {Z,C) is another morphism of non-commutative 
schemes, then L(g( ° /)* ~ Lf* ° Lg* and R{g ° /)* ~ Rgf* ° Rfl. 

If the considered non-commutative schemes have enough locally projective 
modules {for instance, are quasi-projective), one can replace in these state¬ 
ments K-flat replicas by Lp-resolutions. 

In particular, let / : A —)■ S be a homomorphism of rings. We consider B 
as an algebra over a subring S (an arbitrary one) of its center and A as an 
algebra over a subring R C cen An/~^(S'). Then we can identify / with its 
sheafification f~ : (Spec S, B~) —)• (Speci?, A~). In this context the functors 
{f~)* and (/')* are just sheahhcations, respectively, of the “back-up” functor 
bM I—>■ aM and the “change-of-scalars” functor aK ^ bB ®a K. 

Definition 3.13. A complex C* in ^A is said to be perfect if for every 
point X € X there is an open neighbourhood K of x such that C|i 7 is quasi¬ 
isomorphic to a hnite complex of locally projective coherent modules. We 
denote by PerfA the full subcategory of SA consisting of perfect complexes. 

The following result is well-known in commutative and affine cases [28ll32j . 
Though the proof in non-commutative situation is almost the same, we 
include it for the sake of completeness. Actually, we reproduce the proof of 
Rouquier with slight changes. 

Theorem 3.14. Let {X,A) be a non-commutative scheme {quasi-compact 
and separated). Then IZA is compactly generated and lA'^A = PerfA. 

Proof. Let U C X be an open affine subset of X, Au be the restriction 
of A onto U, ZU = X\U, j = ju ■. U ^ X he the embedding. Then 
the inverse image functor j* : A-Mod —Atr-Mod is exact and the natural 
morphism —>■ l^^-Mod is an isomorphism (actually, identity). Therefore 

Kerj* is a localizing subcategory and A-Mod/Kerj* ~ A[/-Mod. Note that 
Ker consists of the A-modules Ai such that supp AI C Cu. Then Ker Lj* 
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is a localizing subcategory of QiA and ^^/KerLj* ~ QAxj. This kernel 
coincide with the full subcategory 3!\^ijA of &A consisting of complexes 
whose cohomologies are supported on Cl7. 

If W C X is another open affine subset, then the subcategories 
and intersect properly in the sense of [321 5.2.3]. Recall that it means 

that j^ju*ju^ = 0 as soon as = 0 , what follows, for instance, from 
| 20 l Corollaire (1.5.2)] applied to the cartesian diagram of affine morphisms 
(open embeddings) 

unw u 





W -> X 

jw 

Therefore, if X = Ui is an open affine covering of X, then { } is 

a cocovering of the triangulated category S>A as defined in [32l 5.3.3]. If 5 C 
{ 1 , 2 ,..., m } does not contain i, Us = Uje 5 Uj, then fljes 
and the image of 3 >\^jj^A in S’Ajji coincides with Stui\Us‘^Ui- There are 
sections /i, / 2 ,..., A G A = r{Ui, Ox) such that Ui\Us = R(/i, / 2 , ■ ■ ■, fk) 
as a closed subset of Ui. The following lemma shows that the subcategory 
&Ui\Us'^Ui is compactly generated in &Aui- 

Lemma 3.15. Let A he an algebra over a commutative ring O and I = 
ifi, f 2 , ■ ■ ■ , fk) be a finitely generated ideal in O. Let K‘{I) be the corre¬ 
sponding Koszul complex. Denote by A-Mod/ the full subcategory o/A-Mod 
consisting of all modules M such that for every element a G M there is m 
such that I^a = 0. Denote by the full subcategory of S’A consisting 

of all complexes such that their cohomologies belong to A-Mod/. Then Si A 
is generated by the complex K\{I) = A®o K'{I). 

Proof. Note that Hom^yi(X^(7), C") ~ fioin^o{I^‘i^)^C‘) for every C* G 
SA. If C" G Si A is non-exact, then }lom^o{K'{I)^ C'[n]) A 0 for some n 
by [321 Proposition 6.6]. It proves the claim. □ 

Evidently, K\{I) is compact in SA. So we can now use [32l Theo¬ 
rem 5.15]. It implies that SA is compactly generated and a complex C* in 
SA is compact if and only if ffiC' is compact in SAjji for every 1 < i < m. 
As Ui is affine, compact complexes in SAui are just perfect complexes. 
Therefore, it is true for SA too. □ 


4. Minors 

Definition 4.1. Let {X,B) be a non-commutative scheme, P be a locally 
projective and locally finitely generated f3-module, A = {SndisV)°'^. The 
non-commutative scheme (X, A) is called a minor of the non-commutative 
scheme (X, j 


^ In the affine case this notion was introduced in m- Actually, the main results of this 
section are just global analogues of those from |13| . 
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In this situation we consider V as ;B-^-bimodule (left over B, right over 
A). Let = 'HomQ{T’,B). It is an ^-^B-bimodule, locally projective and 
locally finitely generated over B. The following statements are evidently 
local, then they are well-known. 

Proposition 4.2. The natural homomorphism V —)• TLomjs{V'^,B) is an 
isomorphism. Moreover, A ~ Sndis V'^ ~ V'^ 'P■ 


We consider the following functors: 

V = V 0^ _ : .4-Mod —)■ i3-Mod, 

(4.0.1) G = Tioms^V, _) : S-Mod —.4-Mod, 

H = UomAiV^ _) : .4-Mod ^ 13-Mod. 

Note that G is exact and G ~ V'' ®b -: so both (F, G) and (G, FI) are adjoint 
pairs of functors. If the non-commutative scheme {X, B) is noetherian, so is 
also {X, A) and these functors map coherent sheaves to coherent ones. 


Theorem 4.3. (1) .4-Mod ~ i3-Mod/'^, where ^ = KerG = is a 

bilocalizing subcategory of B-Mod. Thus .4-Mod is a bilocalization of 
i3-Mod and G is a bilocalization functor. 

(2) The natural morphism cj) : 1^-Mod G°V is an isomorphism. 

(2') The natural morphism (/>' : G ° H —)■ 1^-Mod is an isomorphism. 

(3) The functor f is a full embedding and its essential image is . So 
the pair (F, G) induces an equivalence between .4-Mod and 

(3') The functor H is a full embedding and its essential image is . So 
the pair (H, G) induces an equivalenee between .4-Mod and . 

(4) coincides with the full subeategory of .B-Mod consisting of all 
modules A4 such that for every point x £ X there is an exact se¬ 
quence Pi —)• Pq A4x —>■ 0, where Po,Pi are multiples ofVx (Le. 
direct sums, maybe infinite, of its copies). We denote this subcate¬ 
gory by P-Mod. 

(4') consists with the full subcategory o/B-Mod consisting of all mod¬ 
ules A4 such that there is an exact sequence 0 —)• A4 —)■ Xq —^ Ti, 
where Zi G H(.4-lnj)|^ We denote this subcategory by P'"j-Mod. 


Proof. Theorem |2.1| and Corollary 2.3 show that it is enough to prove the 
following statements. 


Proposition 4.4. (1) The natural morphism (p : l^i-Mod —>• G ° F is an 

isomorphism. 

(2) ImF = P-Mod. 

(2') ImH = p'"j-Mod 

As the claims (1) and (2) are local, we can suppose that the non-com- 
mutative scheme {X,B) is affine, so replace B-Mod by P-Mod, where B = 
r(A, B). Then P = P~ for some finitely generated projective P-module 

®Note that all S-modules from H(Wlnj) are injective. 

13 





and A = A~, where A = (EndBP)°P. Hence we can also replace ^-Mod 
by A-Mod and "P-Mod by P-Mod, the full subcategory of P-Mod consisting 
of all modules N such that there is an exact sequence Pi —k Pq N —k 0, 
where Pi are multiples of P. 

Obviously, 4>{A) is an isomorphism. Since F and G preserve arbitrary 
coproducts, 4>{F) is an isomorphism for any free A-module F. Let M G 
A-Mod. There is an exact sequence Pi —)• Pq —)• M —)• 0 , where Po,Pi are 
free modules, which gives rise to a commutative diagram with exact rows 


Pi-^ Pq-^ M 


G°F(Pi) 


AP) 

Y 

^GoF(Po) 


4>iM) 

^ G°F(M) ^ 


0 

0 


As the first two vertical arrows are isomorphisms, so is which proves 

claim (1). Moreover, we get an exact sequence F(Pi) —)• F(Po) —)■ F(M) —)• 0, 
where F(Pj) are multiples of F(A) = P. Therefore, F(M) G P-Mod. 

Consider now the natural morphism ■0 : F ° G —>■ Is-Mod- This time '0(P) 
is an isomorphism. Let now be a P-module such that there is an exact 
sequence Pi —)• Pq —)• A —>■ 0, where Pi are multiples of P. Then there is a 
commutative diagram with exact rows 


FoG(Pi) 

APi) 

Pi — 


^FoG(Po) 

APo) 

--Po — 


^ F°G(A)^ 
V>(JV) 

-^ A-^ 


0 

0 


The first two vertical arrows are isomorphisms, so '0(A) is also an isomor¬ 
phism. It proves claim (2). 

The proof of (2') is quite analogous to that of (2), so we omit it. 

Note that the condition Ai G P'^j-Mod also turns out to be local, since it 
means that the natural map Af —)■ FI °G{A4) is an isomorphism. □ 

Actually, we can describe the kernel of this bilocalization explicitly. 


Theorem 4.5. Let X-p = Im{/rp : V ( 8)_4 ^ B}, where 7 ) = 7 (p). 

Then KerG = {M G P-Mod | XpM = 0} ~ (P/Pp)-Mod. 


Proof. Again the statement is local, so we only have to prove it for a ring 
B, a finitely generated projective P-module P and the ideal Ip = Impp. It 
follows from [^1 Proposition VIL3.1] that IpP = P. Therefore, if / : P —)■ M 
is non-zero, then Iplmf = Im/ A 0) hence IpM A 0- the contrary, if 
IpM A 0, there is an element u G M, elements pi £ P and homomorphisms 
'ji : P ^ B such that X]j 7 *(pi)'U 7 ^ 0. Let fi : B ^ M maps 1 to u and 
7 “ = fi'ji. Then at least one of the homomorpisms 7 “ is non-zero. □ 

The functor G is exact, so it induces a functor DG : &B —)• SiA mapping 
a complex P* to GP*. It is both left and right derived functor of G. We can 
also consider the left derived functor LF of F and the right derived functor 
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RH of H, both being functors —)• Obviously, DG maps Sl^B to 

A, where cr G { , 6 }, LF maps Ql~ A to ^~B and RH maps Qi^A to 

Theorem 4.6. (1) The functors (LF, DG) and (DG, RH) form adjoint 

pairs. 

(2) S'A ~ QJBjQlcgB, where ^ = KerG = ~ {B/Z'p)-Mod. More¬ 

over, Qic^B = Ker G is a bilocalizing subcategory of S^B, so Si A is a 
bilocalization of SB and DG is a bilocalizing functor. 

(3) The natural map —)• DG° LF is an isomorphism. 

(3') The natural map DG ° RH —)■ 1 is an isomorphism. 

(4) The functor Lf is a full embedding and its essential image is ^{S^B). 
So the pair (LF, DG) defines an equivalence SA ~ ^{S^B'). 

(4') The functor RH is a full embedding and its essential image is {S‘^B)^. 
So the pair (RH, DG) defines an equivalence SA ~ {S^B)^. 

(5) The functor LF maps S^A to S’^B. 

(6) (KerDG,ImLF) as well as (ImRH,KerDG) are semi-orthogonal de¬ 
compositions of SB. 

Note that Im LF ~ ImRH, though these two subcategories usually 
do not coincide. Both of them are equivalent to SA. 

(7) ImLF coincides with the full subcategory ST^ of SB consisting of 
complexes quasi-isomorphic to K-flat complexes J-’ such that for ev¬ 
ery X G X and every component T'' the localization Fj, is a direct 
limit of modules from add Vx ■ The same is true if we replace S by 


(7p) If A and B have enough locally projective modules {for instance, if 
X is quasi-projective), ImLF coincides with the full subcategory SV 
of SB consisting of complexes quasi-isomorphic to K-flat complexes 
F‘ such that Fj. G Add "Pa: for every i G Z and every point x G X. 
The same is true if we replace S by S~. 

(7') Im RH coincides with the full subcategory SV^"^ of SB consisting of 
complexes quasi-isomorphic to K-injective complexes consisting of 
modules from H(.4-lnj). The same is true if we replace S by S~^. 

Note that the condition in (7^) can also be verified locally at every point 
X G A. 


Proof. (1) Let F' be a K-flat replica of AI* G SA and X* be an injective 
resolution of M' G SB. Then LFA4* = FA* and DGM‘ = G1‘. As P G 
IpB, the complex FA* is K-flat and the complex GX* is K-injective. By 
Proposition 3.12| (2), 


RHomf5(FA*,X*) = Hom^(FA*,X*) ~ 

Hom^(A*, GX*) = RHom^(A*, GX*). 

Taking zero cohomologies, we obtain that 

Homf5(FA*,X*) ~ Hom^(A*,GX*). 
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Choose now a K-flat replica G‘ of M' and a K-injective resolution J' of At *. 
Then DGAA* = GG' and RHAl* = V\J‘. By [33l Proposition 5.14], HJ‘ is 
weakly K-injective. By Proposition 3.12(2) and [331 Proposition 6.1], 


RHom^(Gg*, J*) = Hom;^(Gg*, ~ 

Hom^(g*, H J*) = RHomB(a*, H J*). 

Taking zero cohomologies, we obtain that 

Hom^(Gg*, J*) ~ Homf 5 (g*, HJ') 


The statements (3) and (3^) follow from the statements (2) and (2') of 


and Corollary |2.3[ 

(5) As the right adjoint DG of LF preserves arbitrary coproducts, LF maps 
compact objects to compact ones. 

( 6 ) follows from Theorem |2.5[ 

(7) The construction of [U Proposition 1.1] gives for any complex A4* G 
a quasi-isomorphic K-flat complex A* such that all its components T"* 

are flat. Moreover, A* is left bounded if so is At*. By [ 6 l Ch. X, § 1, Theoreme 1], 
Aj. ~ li^£]j, where are projective finitely generated Ax-modules, hence 
belong to add Ax. Then LFAf* ~ FA*. As F preserves direct limits and 
FA ~ V, FA^ ~ lii^ F£]j and F£]j G add Ax- Hence At* G 

On the contrary, let A/"* G We can suppose that it is K-flat and 

for every z G Z and every x G A we can present as li^A/](, where 
Nn G add Ax- Then the complex GM‘ is also K-flat [33l Proposition 5.4], so 
LF ° DG(AA*) ~ FG(A/'*). As the natural map FG(A) —t- A is an isomorphism, 
the same is true for all modules A/"^, hence also for Therefore, the 

natural map LF ° DG(AA) —?• AA is an isomorphism. 

The proof of (7p) is quite analogous to the proof of (7), taking into account 
that in this situation every complex is quasi-isomorphic to a K-flat complex 
of locally projective modules. The proof of (7') is also analogous to that of 
(7). □ 

There is one special case when the category Ker DG can be described more 
precisely. 

Theorem 4.7. Suppose that the idealXp is flat as a right B-module. Then 
KerDG ~ ^{B/Zp). 

Proof. Let X = Xp, Q = B/X. One easily sees that X^ = X. We identify 
SiQ with the full triangulated subcategory of SiB, obviously contained in 
KerDG. Let A* G KerDG, i.e. its cohomologies are indeed Q-modules. 
We can suppose that A* is K-flat. Tensoring it with the exact sequence 
0—)-X—)- Q—)-0, we obtain an exact sequence of complexes 0 —)• 
X(8)g A* —^ A* —Q( 8 )z 3 A* —)• 0. Since X is flat, H'iX^pF) ~ X(8)gLA(A*). 
Note that X Q ~ X/X^ = 0, whence X (8)g A4 = 0 for any Q-module. 
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Theorem 4.3 Then the statements (2),(4) and (4') follow from Theorem 


2.1 





Therefore, H'{X ( 8 )g F') = 0, hence F' is quasi-isomorphic to Q 
which is in □ 


Example 4.8. An important special case of minors appears as the endomor¬ 
phism construction. Let .4, be a non-commutative scheme, T" be a coherent 
.4,-module and Aj^ = EndF)°'^. Then Aj^ is identified with the algebra 
of matrices 

= {r ?) 

where F' = T-Lom_A{F,A) and S = {£nd_AF)°^. If Vj^ = (^') considered 
as .4j--module, then A ~ {£nd_Aj^Vj^y^, so .4 is a minor of Aj^ and the 
categories .4-Mod and &A are bilocalizations, respectively, of .4jr-Mod and 
S>Aj^. The corresponding functors are 


= 7^^ ®A 

Gjr = T-LomAjr{Vjr, - ), 
Hjr = nomA^iVjr,.). 


Note that ~ (.4 F) as right .4j--module and, by the construction, 
Vjr ~ 'Homj\^{V^,A). Theorem 4.5 then implies that the kernel ‘tf of the 
functor Gjr : .4j--Mod —)> .4-Mod is equivalent to T/Xjr-Mod, where Ijr is the 
image of the natural map F' F ^ £. 


We consider an application of minors to global dimensions and semi- 
orthogonal decompositions. Let (A, B) be a non-commutative scheme, A4 be 
a i3-module. We call sup { i \ £xt]^{M., _) / 0 } the local projective dimension 
of the S-module M. and denote it by Ip.dim^ A4. If (A, B) is noetherian and 
M. is coherent, then Ip.dimg Ai = sup { pr.dim^^ M.x | x G A }. 

Lemma 4.9. Let {X,B) be a non-commutative scheme, V he a locally projec¬ 
tive and locally finitely generated B-module, A = {£ndis'P)°^ and B = BlXp. 
Suppose that V is flat as right A-module, 

Ip.dim^Xp = d, 
gl.dim.4 = n, 
ghdimS = m. 

Then gl.dim B < max{m-|-d-|-2, re}. 

Proof. Let B = BjXp. Then Ip.dimg .6 = d -|- 1. From the spectral se¬ 
quence Extg(AI, £rtg(i3, _)) Extg^'^(AI, _) it follows that pr.dimgAI < 
m -|- d -|- 1 for every i3-module A4. Consider the functors G = Hom 0 ('P, _) 
and F = X ®. 4 -. Since the morphism GFG —)• G, arising from the adjunc¬ 
tion, is an isomorphism, the kernel and the cokernel of the natural map 
OL : FGA4 —)• A4 are annihilated by G, so are actually i3-modules. It implies 
that Extg(AI,A/’) ~ Extg(FGA4,AA) if i > m -F d -F 2, so pr.dimg AI < 
max{ m-F d-F 2, pr.dimg FGA4 }. As both functors F and G are exact, 
Extg(F_, -) Ext}^(_, G_), so pr.dimg FGA4 < re. □ 
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Definition 4.10. (1) Let {X,B) and {X,A) be two non-commutative 

schemes. A relating chain between B and A is a sequence {Bi^Vi, 
132,'P 2 ,- ■ ■ ,'Pr,Br+i), where Bi = B, Br+i = A, every Vi {1 < i < r) 
is a locally projective and locally finitely generated Sj-module which 
is also flat as right Aj-module, where Ai = {End^i ViY'^, and = 
BijX'p^ for 1 < i < r. 

(2) The relating chain is said to be flat if, for every 1 < i < r, I-p. is 

flat as right 13i-module. Note that it is the case if the natural map 
Vi 0 ^. Vij^ —>■ is a monomorphism. 

(3) The relating chain is said to be pre-heredity if, for every 1 < f < r, 
X-p. is locally projective as left i3-module. If it is both pre-heredity 
and flat, it is said to be heredity. 

(4) If the relating chain is heredity and all non-commutative schemes Ai 
are hereditary, i.e. ghdimA* < 1 , we say that the non-commutative 
scheme B is quasi-hereditary of level r. (Thus quasi-hereditary of 
level 0 means hereditary). 


We fix a relating chain {Bi,Vi, B 2 , V 2 ,- ■ ■, Vr,Br+i) between B and A and 
keep the notations of Definition 4.10 (1). 


Corollary 4.11. Let gl.dimAi < n and Ip.dim^. Xp. < d for alll < i <r. 
Then ghdim.^ < r((i-|-2) -|-max{ gl.dim A, n — d — 2}. If this relating chain 
is pre-heredity, then gl.dim;B < gl.dim A -|- 2 r. 


Using Theorem 4.6(6), Theorem 4.7 and induction, we also get the fol¬ 
lowing result. 


Corollary 4.12. If this relating chain is flat, there are semi-orthogonal 
decompositions iST, STr ,..., IVi) and ilVf, STf ,..., STl, IV) of QlB such that 
.Vi-^'^&Ai {l<i<r) and £1 ~ ^A. 

Note that, as a rule, 7) Tf. 

Corollary 4.13. If a non-commutative scheme B is quasi-hereditary of level 
r, then gl.dim;B < 2 r -|- 1 and there are semi-orthogonal decompositions 
{£1, iVr ,..., 5i) and SVf ,..., £Vf, SV) of &B such that SVi iVf (1 < 
i < r), as well as IV, is equivalent to the derived category of a hereditary 
non-commutative scheme. 


Remark 4.14. Suppose that {X,B) is affine: X = SpecR and B = B^. 

(1) If S is semiprimary, then B is quasi-hereditary with respect to our 
definition if and only if B is quasi-hereditary in the classical sense 
of [I01II2]. 

(2) If i? is a discrete valuation ring and B is an i?-order in a separable 
algebra, then B is quasi-hereditary with respect to our definition if 
and only if B is quasi-hereditary in the sense of |23j . 


Example 4.15. Consider the endomorphism construction of Example 4.8 


Suppose that V is flat as right X-module, V is locally projective as left 
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iS-module and the natural map /xj- ; T *4. is a monomorphism. Let 

'P = {^) and A = 4,/Im/xjr. Then one can easily verify that {Aj^,P,A) is 
a heredity relating chain. Therefore, if both £ and A are quasi-hereditary, 
so is Aj. 


5. Strongly Gorenstein schemes 

In this section we only consider noetherian non-commutative schemes. 

Definition 5.1. Let {X,A) be a noetherian non-commutative scheme. We 
call it strongly Gorenstein if X is equidimensional, A is Cohen-Macaulay as 
Ox-module and inj.dim^4, = dimX|^ 

Recall that an 4,-module Ai is injective if and only if ^a,-modules Aix 
are injective for all x G Xc\ (the proof from |211 Proposition 7.17] remains 
valid in non-commutative situation too). We need some basic facts about 
injective dimension for non-commutative rings. Now R denotes a noetherian 
commutative local ring with the maximal ideal m and the residue field k = 
R/m, A denotes an i?-algebra finitely generated as ii-module. Let also 
r = rad A and A = A/x. As usually, for every ideal I C R we denote by 
V (/) the set of prime ideals containing I. 

Theorem 5.2. inj.dimM = sup { i \ Ext^(A,M) 7 ^ 0 }. 

Just as in [TJ Proposition 3.1.14], this theorem is an immediate conse¬ 
quence of the following lemma. 

Lemma 5.3. Let p 7 ^ m 6 e a prime ideal of R, M be a noetherian R- 
module. Suppose that Ext^(A', M) = 0 for any noetherian A-module N 
such that V{annp{^N) C P(p) and i > m. Then also Ex.t\{N, M) = 0 for 
any noetherian A-module N such that V{a.'n.njiN) C P(p) and i> m. 

Proof. Suppose that the condition is satisfied and let P(annjiiV) C I7(p). 
If q G AssN and q 7 ^ p, there is a submodule N' C N such that qN' = 0. 
Therefore, Fixt\(N',M) = 0 for i > m and we only have to prove that 
Ext^(A^/W,M) = 0 for i > m. Thus we can suppose that AssN = {p}. 
Let a G tn \ p. Then a is non-zero-divisor on N, i.e. we have the exact 
sequence 0 ^ N A- N ^ N/aN —)• 0. It gives and exact sequence 

Ext\{N, M) 4 Exti 4 (iV, M) ExPX^{N/aN, M). 

Obviously, aimnN/aN D p, so the last term is 0 if z > m. Therefore, 
a Ext) 4 (A', M) = Ext^(A^, M) and Ext^(A^, M) = 0 by Nakayama’s Lemma. 

□ 


® We do not know whether the last condition implies the Cohen-Macaulay property, as 
it is in the commutative case. 
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Corollary 5.4. Let Ai be a coherent A-module. Then 

inj.dim_4 = sup { i \ Ext^(A(x), A^) A 0 some x G Ad } = 
= sup { inj.dim_4^ Mx | x G Ad } • 

Here A{x) denotes A®Ox ]k(x). 

Corollary 5.5. 

gl.dim A = sup { pr.dim _4 A{x) \ x G Ad } = 

= sup {i I Ext^(A(x), A(x)) A 0 for some x G Ad } = 
= sup { gl.dim Ax I X G Ad } . 


Lemma 5.6. Let M he a noetherian A-module. If an element a € R is non- 
zero-divisor both on A and on M, then inj.dim^M = inj.dim^^^^^ M/aM. 

Proof. It just repeats that of [TJ Corollary 3.1.15]. □ 

Corollary 5.7. Let a = ( 01 , 02 ,... ,am) be an A-sequence in m. Then A 
is strongly Gorenstein if and only if so is AfaA. 


Corollary 5.8. A is strongly Gorenstein if and only if so is A°p. 


Proof. The claim is local, so we can replace A by A. Corollary 5.7 reduces 
the proof to the case when Kr.dimi? = 0, i.e. A is just an artinian algebra. 
Then it is well-known [U Proposition IV.3.1]. □ 


For a noetherian non-commutative scheme (A, A) we denote by CM A 
the full subcategory of A-mod consisting of such modules Ai that Aix is a 
maximal Cohen-Macaulay module over Ox,x for every point x G A. The 
following results can be proved just as in the commutative case (see [TJ 
Section 3.3]). 


Theorem 5.9. Let (A, A) be a strongly Gorenstein non-commutative scheme, 
Ai G CMA. 

(1) £xPji^{Ai,A) = 0 fori A 0. 

(2) The natural map Ai —)• Homji{Homji{A4,A),A) is an isomorphism. 

Thus the functor * : A4 1 —A4* = T-lom_A{Ai, A) gives an exact duality 
between the categories CMA and CMA°p. 


Let now (A, A) be a strongly Gorenstein non-commutative scheme, J- G 


CMA. Consider the endomorphism construction described in Example 4.8 
Theorem |5.9| implies that the natural map 4>{Ai) : FjrA4 —)• HjrA4 is an 
isomorphism for Ai = A, hence an isomorphism for any Ai G I p A. 


Theorem 5.10. Let (A, A) be strongly Gorenstein and contain enough lo¬ 
cally projective modules, J- G CMA. Then the restrictions of the functors 
LFjr and RHjr onto the subcategory &'^A are isomorphic. Thus the restric¬ 
tion of LFjr onto lA^A is both left and right adjoint to the bilocalization 
functor DGj-. 
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Proof. As A has enough locally projective modules, any complex from ^^A 
is quasi-isomorphic to a finite complex C* such that all ar e from Ip^. 
Then LFj-C* = Fj-C*. On the other hand, by Theorem 5.9 R^FI 
Sxt\{VrX") = 0 for A: / 0. Therefore, RH^C* = H^C* ~ F^CV 


= 

□ 


6. Non-commutative curves 


6.1. Generalities. 

Definition 6.1. A non-commutative curve is a reduced non-commutative 
scheme {X, A) such that X is an excellent curve (equidimensional reduced 
noetherian scheme of dimension 1 ) and A is coherent and torsion free as 
Ox-module. 

As X is excellent, then Ax, the ma;-adic completion of Ax, is also reduced 
(has no nilpotent ideals). Therefore, for the local study of non-commu¬ 
tative curves we can use the usual results from the books dH [30]. We 
denote by K, = JC{X) the sheaf of full rings of fractions of Ox and write 
JCM. instead of K, ®Ox Ox-module Xi. In particular, XA is 

a /C-algebra. The sheaves XXi are locally constant; the stalks of /C and 
KA are semi-simple rings. The torsion part tors Ad of Xi is defined as the 
kernel of the natural map Xi —)• XX4. We say that a coherent Al-module 
Xi is torsion free if tors Ad = 0 , and we say that Ad is torsion if XXi = 0 . 
Note that tors Ad is torsion and Ad / tors Ad is torsion free. We denote 
by torsAl and tf Al respectively the full subcategories of Al-mod consisting 
of torsion and of torsion free modules. We always consider a torsion free 
module Ad as a submodule of /CAd. In particular, we identify Ada, with its 
natural image in XXdx- Note that for every submodule M C /CAd there is a 
natural embedding XXf —)• /CAd and we identify XM with the image of this 
embedding. A non-commutative curve {X^A!) is said to be an over-ring of 
a non-commutative curve {X, A) ii A 'P A! C. XA. Then A' is naturally 
considered as a coherent Al-module. The non-commutative curve (X, A) is 
said to be normal if it has no proper over-rings. Since X is excellent and 
A is reduced, the set { x G X | Ax is not normal} is finite. Then it follows 
from [131 that the set of over-rings of A satisfies the maximality condition: 
there are no infinite strictly ascending chains of over-rings of A. 

Coherent torsion free Al-modules, in particular, over-rings of A can be 
constructed locally. 

Lemma 6.2. Let Xi be a torsion free coherent A-module. 

(1) If Xf is a coherent A-submodule of XXi such that XXf = XXi, then 
Xfx = Ad^: for almost all x ^ X. 

(2) Let S C Xci be a finite set and for every x G S a finitely generated 
Ax-submodule Nx C XXix is given such that XNx = XXix- Then 
there is a unique A-submodule Xf C /CAd such that Xfx = Xx for 
every x G S and Xfx = Ad^; for all x ^ S. 
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(3) If A4 = A and all Nx in the preceding item are rings, then M is a 
subalgebra of 1C A, so is also a non-eommutative curve and if 

Xx 2 Ax for all X G S, {X,M) is an over-ring of {X,A). 

Proof. We can suppose that X is afhne. Then the proof just repeats that of 
O Ch. VII, § 3, Theorem 3] with slight and obvious changes. □ 

Lemma 6.3. Any non-eommutative curve (X, has enough invertible 
modules. Namely, the set 

L _4 = {.4 ®Ox IC\ C is an invertible Ox-module } 
generates Qcoh^ {hence, generates ^A). 

Proof. We must show that if Ai' C is a proper submodule, there is 
a homomorphism /:£—)• such that Im/ ^ Adh As Hom_ 4 (A. ( 8 * 0 ^^ 
C,M.) ~ Homo^(T, AI), we can suppose that A = Ox- Moreover, as 
every A-module is a direct limit of its coherent submodules, we can suppose 
that M. is coherent. Let first AI' 2 tors A. Choose x G Ad such that 
tors Ax 2 JCi'x and let Ux G tors Ax \ Ax. There is a global section 
u G r(A, tors A) T r(A, A) such that Ux is its image in Ax. Then there 
is a homomorphism / : Ox —^ A such that /(I) = u, so Im / ^ Ah 

Let now A' T tors A. Since Ext^^ (£, tors A) = 0 for any locally 
projective module £, the map Homc)^(£, A) —)• Homc)^(/l, A/tors A) is 
surjective. Hence, we can suppose that A is torsion free. Let Ay A -Ni'y for 
some y G Ad and Uy G Ay \ Ay. There is a homomorphism ip : K. ^ A A 
such that ip{l) = Uy. Let N = ip{Ox)- The set 5 = { x G Ad | Nx % Nix } 
is hnite; moreover, y ^ S. For every x G S there is an ideal Lx C Ox,x 
such that Lx Ox,x and ip{Lx) CL Nix. Now choose an ideal L C Ox such 
that Lx = Lx for X G 5 and Lx = Ox x otherwise. It is an invertible ideal, 
ip{L) C A and NO AM'. ’ □ 

We will use the duality for left and right coherent torsion free A-modules 
established in the following theorem. 

Theorem 6.4. (1) There is a canonical A-module, i.e. sueh a module 

oj_A G tf A that inj.dim_ 4 a;^ = 1 and £nd_AUJ_A — A°p {so u}_a can 
be eonsidered as an A-bimodule). Moreover, uj_a is isomorphie as a 
bimodule to an ideal of A. 

We denote by A*, where A G QcohA (or A G QcohA°P) the 
A°P-module (respectively, A-module) 'Hom^(A,a;^) (respectively, 

'Homj[op {M,u:a))- 

(2) The natural map A —)• A** is an isomorphism for every A G tf A 
{or Nl G tf A°P) and the funetors A eG- Nt* establish an exaet 
duality of the eategories tf A and tf A°p. Moreover, if Ni G Coh A, 
then Ni** Nlj tors A. 

Proof. Each local ring Ox = Ox,x is excellent, so its integral closure in fCx 
is hnitely generated and its completion Ox is reduced. Therefore Ox has a 
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canonical module ojx which can be considered as an ideal in Ox |22t Korol- 
lar 2.12]. Moreover, Ox is normal for almost all x G X^i and in this case we 
can take ujx = Ox,x- By Lemma 6.2, there is an ideal oJx ^ Ox such that 

^X,x = for each x € X. Then inj.dim^p^ oJx = sup | inj.dim^^ 


!^x 1 = 


1 . As the natural map Ox,x Endo^^w^ is an isomorphism for each 
X € X, the natural map Ox —t Sndox is an isomorphism too. There¬ 
fore, oJx is a canonical Ox-modnle. Then it is known that the functor 
M. I—)• Ai* = 'Homox{-^j‘^x) is an exact self-dnality of tf Ox and the nat¬ 
ural map Ai — )• At** is an isomorphism. Set now wyi = (A, wx)- 

Then 'Homj[{Ai,LO_A) ~ 'HomQ^{Ai,u:x) for any M-module Ai, whence all 
statements of the theorem follow. □ 


As usually, we say that two non-commutative schemes (Ai, A) and (y,B) 
are Morita equivalent if their categories of quasi-coherent modules are equiv¬ 
alent. A coherent locally projective A-modnle V is said to be a local pro¬ 
generator if Vx is a progenerator for Ax for all x G X. It follows from 
Theorem 4.3 that then {X,A) is Morita eqnivalent to {X,£), where £ = 
{SndAVyP. 


Theorem 6.5. (1) Let {X, A) and {X^B) are two non-commutative curves 

such that Ax is Morita equivalent to Bx for every x G X^. Then 
(A, M) and {X,B) are Morita equivalent. 

(2) Let now (A, A) and {Y, B) he two central non-commutative curves 
finite over a field. If they are Morita equivalent, there is an isomor- 
pism T : X ^ Y such that, for every points x G A and y = r(x), 
the rings {t*B)x and Ax are Morita equivalent. 

Proof. (1) If Ax and Bx are Morita equivalent, there is a progenerator Px 
for Ax such that Bx — (End^,,, Px)°^- There is a /CM-module V such that 
V — APx for all x G Ad. Choose a normal over-ring A' of A and a coherent 
M'-submodule AI C V such that AM. = V. Then A4 is a local progenerator 
for A!. Set B' = (SndA' A4)°'^ and S = { x G Ad | Ax or Bx B'„.}. 
The set S is finite, so there is an M-submodule V C V such that Vx = Px 
for X G S' and Vx = Mix for x ^ S. Then "P is a local progenerator for A 
and B ~ (Snd^P)°P. 

(2) follows from [3l Section 6]. □ 


6.2. Hereditary non-commutative curves. We call a noetherian non- 
commutative scheme (A, A) hereditary if all localizations Ax are hereditary 
rings, i.e. gl.dimMx = 1. Then gl.dimM = 1 too, so Ext3^(A4, A) = 0 for 
all A-modules Ai,M. Suppose that (A, A) is a hereditary non-commutative 
curve. Then any torsion free coherent M-module Ai is locally projective, 
so £xt\{A{,N) = 0 for any A-module N. If N is coherent and torsion, 
it implies that Ext] 4 (A 4 ,AA) = 0. Therefore, every coherent A-modules 
Ai splits as Ai = torsA4 © Ai', where Ai' is torsion free, hence locally 
projective. If a central non-commutative curve (A, P) is hereditary, then A 
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is smooth. There is an effective description of hereditary non-commutative 
curves up to Morita equivalence. 

First consider the case when X = SpecO, where O is a complete discrete 
valuation ring with the field of fractions iT, the maximal ideal m and the 
residue field k = O/m. Let iT be a hereditary reduced O-algebra which 
is torsion free as O-module. Then KH ~ Mat(n, D), where D is a finite 
dimensional division algebra over K. There is a unique maximal O-order 
A r D [301 Theorem 12.8]. It contains a unique maximal ideal 9JI, which 
is both left and right principal ideal. Let n = some positive 

integers n*, n = (ni, n 2 , •.., n^) and iT(n, D) be the subring of Mat(n, A) 
consisting of A: x fe block matrices {Aij) such that Aij is of size n* x rij and 
if j > i all coefficients of Aij are from SOI. Let also L = A”" considered as 
H (n, D)-module and Li be the submodule in L consisting of such vectors 
(ai, Q! 2 , ..., On) that aj G 971 for i > particular, Lq = L and 

Lfc = 971" ~ L. If necessary, we denote Li = Li{H). 

Theorem 6.6 ([30l Theorem 39.14]). Let O he a complete discrete valuation 
ring. 

(1) Every connected hereditary O-order is isomorphic to H{n,D) for 
some tuple n = (ni,re 2 ,... ,nk), which is uniquely determined up to 
a cyclic permutation. 

(2) Hereditary orders H{n,D) and H{n',D') are Morita equivalent if 
and only if D D' and n and n' are of the same length. 

(3) Li (0 < i < k) are all indecomposable projective H-modules and 
Ui = Lj/Lj+i are all simple H(n, D) -modules {up to isomorphism). 


Let now {X, H) be a connected central hereditary non-commutative curve. 
Then tCH is a central simple /C-algebra: tCA = Mat(n,27), where 27 is a 
central division algebra. For every closed point x £ X the completion Vx 
is isomorphic to Mat(ma;, Dx) for some central division algebra Dx over ICx 
and some integer mx = mx{'D). Therefore, for every closed point x € X, Hx 
is isomorphic to H (n, Dx) for some n = (ni, n 2 , •.., n^), where Yli=i = 
ruxn. Thus Theorems |6.5| and 6.6 give the following result. 


Theorem 6.7. A central hereditary non-commutative curve (A, 22) is de¬ 
termined up to Morita equivalence by a central division IC-algebra 27 and a 
function k : —)• N such that k{x) = 1 for almost all x G A^. 


Remark 6.8. Representatives of a class given by 27 and k can be obtained 
as follows. Choose an integer n such that n{x) < nmxifD) for all x G Ad. 
There is an Oa;-order Hx in Mat(n, 27) such that Hx = Hfnx, Dx) for some 
Hx = {ni^x,n 2 ,x-, ■ ■ ■ ,nt^(^x),x)- Fix a normal non-commutative curve (A, A) 
such that ICA = 27. Then we can define 22 = 22 (n, 27) as the non-commu¬ 
tative curve such that JCH = Mat(n,27), Hx = Mat(n, Ax) if k,{x) = 1 and 
Hx = Hx if k{x) > 1 . 
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Let S = { X G X I k{x) > 1 }, C = considered as L^-module. Con¬ 
sider the submodules Lx,i (0 < i < k(x)) such that [^Lx^i)x = Li{Hx) and 
{C,x,i)y = Cy if y ^ X. Let also Ux,i = Cx,ilCx,i+i (0 < i < k{x)). Then 
Ux,i are all simple H-modnles (np to isomorphism). Note that Cx,o = ^ for 
every point x. 


Theorem 6.9. Let LL = 'H{n,V). 

(1) The set 

IL-h = {L} U { Cx^i \ x^S,l<k< k{x) } 

classieally generates Si^TL, hence generates SiTL {see [26l Theorem 2.2]). 

(2) SiA ~ SiK, where A denotes the DG-category with the set of objects 

and A{C', C") = RHom^(£', £")• 

Proof. (1) Obviously, (L-^)oo contains all simple L^-modules. Therefore, it 
contains all torsion coherent L^-modules, as well as all coherent 'R-snbmodules 
of ICC. If Af is a coherent torsion free L^-module, it contains a submodule 
J\f isomorphic to a submodule of ICC such that Ai/J\f is also torsion free. It 
implies that (L-^ )oo contains all coherent L^-modules, hence coincides with 

(2) follows now from |26| Proposition 2.6]. □ 


Corollary 6.10. Let k he an algebraically closed field. 

(1) A connected hereditary algebraic non-commutative curve over k is 
defined up to Morita equivalence by a pair {X, k) , where X is a 
smooth connected algebraic curve over k and k : Ad —>• N is a func¬ 
tion such that k{x) = 1 for almost all x. Representatives of the 
Morita class given by such a pair are T-L{n,X) as described in Re- 
mark lOT^ 

(2) Two connected hereditary non-commutative curves given by the pairs 
{X,k) and {X',k') are Morita equivalent if and only if there is an 
isomorphism r : A — )• A' such that k'{t{x)) = k{x) for all x G Ad. 

In this case we write ?^(n. A) instead of 'H{n,X). 


Proof. The Brauer group of 1C is trivial |25l Theorem 17]. 
algebra T) in Theorem 6.7 coincides with /C. 


Therefore, the 
□ 


We say that a central non-commutative curve (A, A) is rational (over 
a field k) if all simple components of the algebra XA are of the form 
Mat(n, k(x)). Then the cnrve A is also rational over k. 


Theorem 6.11. Let (A, 77) be a connected rational hereditary non-commu¬ 
tative curve over a field k and k : Ad N be the corresponding function. 
Let S = {x G Ad 1 k{x) > 1}, o G Ad be an arbitrary point. 

(1) The set 

L-^ = { £, C{-o) } U { Cx,i \ X G S, 1 <i < k{x) } 

classically generates hence generates C^TL. 
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(2) If C',C" G L-^, then Ext|^(£',£") = 0 for all k > 0, while 

'l if £' = £", 


dim Hom-^ (£', £") 


or £! = £(-o), £” = £3;,*, 
or £! = £^^i, £" = £, 
or £ — hl,x,ji £ — £x,ii j ^ £ 
2 if £' = £(-o), £" = £, 

0 in all other cases. 

V 


In particular, L-^ is a tilting set for the category SiT-L. 

(3) If Ox,i are generators of the spaces }iom‘}{{£x,i, £x,i-i) (1 < * < 
k{x)), then the products Ox = 0x,i0x,2 ■ ■ ■Ox,k.{x) are non-zero and 
any two of them generate Hom'^(£(—o), £). 


Proof. (1) If X ~ then all sheaves 0(—x), hence all sheaves £{—x) are 
isomorphic. Moreover, in this case £x,k{x) — ^{~x) for any x G X^, so we 


can apply Theorem 6.9 


(2) From the definition of £ and £x,i it immediately follows that 


( O 


nomn{£',£'')oz 


0(o — x) 

0{o) 

0{-o) 


if £! = £", 

or £I = £x,i, £" = £, 
or £ — ^x,ji £ — £x,i^ j P £ 
if £' = £{-o), £" = £x,i, 
if £' = £(-o),£" = £, 
in all other cases. 


Since Ext^(£',£") = H'^{'Homn{£', £")), it implies the statement. 

(3) One easily sees that, if x = (1 : ^) as the point of P^, then Ox, up to a 
scalar, is the multiplication by t — where t is the affine coordinate on the 
affine chart Aq. Now the statement is obvious. □ 


Recall that a canonical algebra by Ringel 1311 3.7] is given by a se¬ 
quence of integers (ki,k 2 , ■ ■ ■ ,kr), where r >2 and all A:* > 2 if r > 2, 
and a sequence (A3, A4 ,..., A,.) of different non-zero elements from k (if 
r = 2, this sequence is empty). Namely, this algebra, which we denote by 
R{ki, k 2 , ■ ■ ■, kr] A3 ,..., Xr), is given by the quiver 



a2r * ' ' ' *akr-l,r 


with relations aj = a\ + Xja 2 for 3 < j < r, where aj = akjj ■ ■ .a 2 jCtij. 
Certainly, if r = 2, it is the path algebra of a quiver of type In 

particular, if r = 2, Ai = A:2 = 1) it is the Kronecker algebra. 
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Corollary 6.12. Let {X,%) he a rational projective hereditary non-commu- 
tative curve, k : —>■ N 6e the corresponding function. Let T = 

and A = (End-^ T)°^. If S = { xi, X 2 , ■ ■ ■, Xr } with r >2, we set ki = K{xi). 
If S = {x}, we set r = 2, k 2 = 1 and ki = k{x). If S = %, we set 
r = 2, ki = k 2 = l. 

(1) A ~ R{ki, k 2 ,..., kr] As,..., A^) for some As,..., A^. 

(2) The functor Hom'^(T, _) induces an equivalence ~ 3!A. 

Actually, the preceding considerations also show that a rational projec¬ 
tive hereditary non-commutative curve is Morita equivalent to a weighted 
projective line by Geigle-Lenzing HZl It can also be deduced from the de¬ 
scription of hereditary non-commutative curves and the remark on page 271 

of HZ]. 

6.3. Subhereditary non-commutative curves. 


Definition 6.13. A non-commutative curve {X,A) is said to be suhheredi- 
tary if there is a hereditary over-ring 77 of Al and an ideal X <Z A such that 
AjX is semi-simple and 77X = X. 


Obviously, we can suppose that X is the conductor of 77 in A, i.e. X = 
{a G KA I 77a C ^ ~ 'Homj\^{'H, A). Note that the non-commutative curve 
77 need not be connected. If 77i,772, ... ,77s are its connected components, 
we set L-h = ULi ■ 


Corollary 6.14. Let A be a subhereditary non-commutative curve, 77 be 
its hereditary over-ring such that Q = AfX is semi-simple, where X is the 
conductor of Li in A. Let An = 6nd_A{A® 77) (see Example 4.8). 

(1) gl.dim^^ < 2. 

(2) There are semi-orthogonal decompositions (iX, 31) and AT) of 

3An such that LA = 3Q, and 5i ~ ~ 311. 

Note that 

(3) The set {Q} U hn (see Theorem 6.9) generates 3A. 

This corollary generalizes some results of [ 8 |. 


Proof. Note that 


= 


A 77 
X 77 


Let X = {n) considered as Al-^-module. Then Snd_A_y^ V and 

Xp = 


X 77 
X 77 

so An/X-p ~ Q and we identify them. Then {An,!-’, Q) is a heredity re¬ 
lating chain berween An and Q (see Definition 4.10). Hence (1) and (2) 
follow from Corollary 4.11 and Corollary 4.12 Moreover, the set {Q} U 
{ V ®n X \ C G } generates 3 An- As G^Q = Q and Gni^ 
we obtain the claim (3). □ 
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Corollary 6.15. Suppose that the subhereditary non-commutative curve A 

Let A = (End^r)°P, 


is rational and keep the notations of Corollary 6 .I 4 
where T = Q = r(X, Q), E = Extj 4 (Q,T) and A be the algebra 

of triangular matrices 

Q E'^ 

0 A 


A = 


Then {Q[—1]}U F-^L-^ is a tilting set in and &Au ~ &A. Therefore, 

the category 3)A is a bilocalization of 3A. 

Note that the algebra A is isomorphic to a product of canonical algebras, 
so A is directed, hence quasi-hereditary. 
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